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The Logistic Function in Glass Transition Models of
Amorphous Polymers: A Theoretical Framework for Isobaric

Cooling Processes

Claudio Corbisieri

Studying the macroscopic-phenomenological behavior of amorphous
polymers at glass transition is often subject to limitations because the ordinary
differential equations that describe the material behavior require numerical
solution. To avoid these limitations, ad-hoc-formulated models of the glass
transition have been proposed. However, their scope of application is expected
to be limited due to insufficient theoretical foundation. This work establishes a
theoretical framework for models that use the logistic function to approximate
the macroscopic-phenomenological behavior of amorphous polymers

at glass transition. For this purpose, an exactly-solvable Riccati equation is
derived within thermodynamics with internal state variables. A closed-form
expression in terms of mathematical functions for the temperature derivative
of a single internal state variable is the result. This closed-form expression
contains the logistic function thus featuring a continuous transition

region centered around a pressure and cooling-rate dependent transition
temperature. Based on comparison of existing models with the exact solution
derived from the Riccati equation, generalized models that approximate

the thermal expansion coefficient and heat capacity at glass transition

are proposed. This work thus demonstrates the validity of the logistic
function in glass transition models of amorphous polymers and provides
suggestions as to how existing models can be extended in their applicability.

1. Introduction

At glass transition during isobaric cooling, amorphous

thermodynamic properties, such as the
thermal expansion coefficient and the
heat capacity."* Within the macroscopic-
phenomenological theory of the glass
transition, this continuous transition re-
gion can be described by ad-hoc-formulated
modelsl) as well as models that consist
of one or a set of ordinary differential
equations (ODE’s)1>2%. As described
in the following, these ODE’s usually
require numerical solution and, unlike
ad-hoc-formulated models, do not provide
a closed-form expression in terms of math-
ematical functions. Ad-hoc-formulated
models might thus be preferred over mod-
els that require numerical solution as is
often the case for evaluation of experi-
mental data. To predict both shrinkage
and warpage of injection-molded parts, for
example, polymer processing simulation
software requires a closed-form expression
in terms of mathematical functions that de-
scribes the pressure-volume-temperature
(PVT) behavior of the polymer.>2122] For
this purpose, the experimental PVT data
typically is fitted by an ad-hoc-formulated
model. Without theoretical foundation of
such ad-hoc-formulated models, however,

their scope of application is expected to be limited. With this

polymers feature a continuous transition region in their
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in mind, the primary objective of this work is to establish
a theoretical framework for selected models that approximate
the macroscopic-phenomenological behavior of amorphous poly-
mers at glass transition. As a result, this work could pro-
vide a theoretical framework for ad-hoc-formulated models that
have been successfully applied for evaluation of experimental
data in PVT analysis,l’ differential scanning calorimetry!®l and
ellipsometry.”~!

Corbisieri et al.’! proposed a model that approximates the
temperature- and pressure-dependent specific volume of amor-
phous polymers in the equilibrium state, the vitreous state and
at glass transition. This model provides the closed-form expres-
sion in terms of mathematical functions!?!:

dv) _ 1
(&) oot ©

24,25]

The glass transition is modeled using the logistic function.!
The brackets [...] in Equation (1) highlight the normalized lo-
gistic function. The properties of this model, such as avoiding
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division of the temperature domain into several intervals and
thus eliminating discontinuities at glass transition, are beneficial
for polymer processing simulation.l’] Furthermore, systematic
and reproducible determination of the glass transition temper-
ature, T, is facilitated Dy fitting the exactly-solvable temperature
integral of Equation (1) to the experimental data of the specific
volume.ll Because of the model’s ad-hoc-formulation, however,
its applicability is expected to be limited. For example, the model
does not account for the rate-dependence of the glass transition
temperature.l>°]

Lacey et al.l% proposed the modell2°!:

Acp
+
1+exp (—us(T - Ty))

(2)

Cp = Cpg

Equation (2) approximates the temperature-dependent specific
isobaric heat capacity, ¢, in the equilibrium state, the vitreous
state and at glass transition. Since Equations (2) and (1) are for-
mally identical, the model from ref. [6] features the same benefits
for evaluation of data of the heat capacity. In contrast to Equa-
tion (1), however, Equation (2) was adapted from an ansatz pro-
posed by Hutchinson and Kovacs!'?! based on similarity consid-
erations. This ansatz proposed by Hutchinson and Kovacs!?! de-
scribes the temporal change of specific enthalpy. Kovacs!'*! also
proposed a formally identical ansatz to describe the temporal
change of specific volume. Consequently, it is expected that a
similar adaptation can be found for Equation (1). The model in
ref. [5] in part loses its ad-hoc-character, however, only because of
similarity considerations but not because of a theoretical foun-
dation within the macroscopic-phenomenological theory of the
glass transition.

Thermodynamics with internal state variables could provide
such a theoretical foundation. Internal state variables are in-
troduced to account for the non-equilibrium behavior of glass-
forming materials both in the vitreous state and at glass
transition.['®?’] Even though the number of internal state vari-
ables required to describe the non-equilibrium state of glass-
forming materials is still debated,!?®%! in principle, any temporal
process can be described by solving the ODE’s that govern the
temporal evolution of the internal state variables. For example
in case of the complex heat capacity from periodic perturbation
with small temperature-amplitude, an exact solution of the corre-
sponding ODE can be found within thermodynamics with inter-
nal state variables.['®-2%] In general, however, one or a set of ODE’s
has to be solved numerically to obtain the dynamic response and
thus do not provide a closed-form expression in terms of math-
ematical functions.'"7] This includes the dynamic response at
glass transition during isobaric cooling.

In addition to thermodynamics with internal state variables,
other phenomenological theories exist that account for dissipa-
tive effects in the dynamic behavior of continual'®?’l: classical
irreversible thermodynamics,?%3!) rational thermodynamics, %!
entropy-free thermodynamics,**3* and extended irreversible
thermodynamics!®! (a comparison of the individual theories,
e.g., in refs. [34-36]). In case of rational thermodynamics, for ex-
ample, the effect of additional degrees of freedom that a system
possesses at non-equilibrium is described in terms of constitutive
functionals,323738] also referred to as memory functionals.!'334]
On the other hand, these additional degrees of freedom are
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directly accounted for by assigning internal state variables to
the Gibbs energy, whose temporal evolution is governed by
ODE’s.['827] Since the glass transition is considered to be a ki-
netic phenomenon with finite entropy production, thermody-
namics with internal state variables offers a suitable and, com-
pared to other theories, often less formal approach to describe the
macroscopic-phenomenological behavior of glass-forming mate-
rials at glass transition (e.g., refs. [14-18]). Whether the glass
transition in the limit of slow cooling could be a thermodynamic
phase transition* as postulated by Gibbs and DiMarziol*"! to
resolve the Kauzmann[*!l paradox, however, still is subject of
debate.[*4]

In this work, we derive an exactly-solvable Riccati equation that
approximates the macroscopic-phenomenological behavior of
amorphous polymers at glass transition during isobaric cooling
with constant cooling rate within thermodynamics with inter-
nal state variables from: 1) a second-order approximation of the
Gibbs energy, 2) a dynamic law in the reduced time domain,
3) a first-order approximation for the reciprocal shift-factor, and
4) the Frenkel-Kobeko—Reiner equation. To the best of our knowl-
edge, no such Riccati equation has been documented in literature
so far. A closed-form expression for the temperature derivative of
a single internal state variable that contains the logistic function
is the result. This work thus demonstrates the validity of the logis-
tic function in glass transition models of amorphous polymers.
In addition, suggestions are provided as to how existing models
can be extended in their applicability, for example, by incorporat-
ing the pressure and cooling-rate dependence of the glass tran-
sition temperature. Furthermore, a continuous transition region
similar to the glass transition during isobaric cooling can also
be found in the reciprocal of the pressure-dependent isothermal
compressibility. The findings of this work could therefore lead to
a better understanding of the pressure-induced glass transition
in future work.

2. Methodology

To derive an ODE that describes the glass transition during iso-
baric cooling within thermodynamics with internal state vari-
ables, the controversial question arises as to how many inter-
nal state variables are required to describe the non-equilibrium
behavior.[?#?%] In this work, only a single internal state variable is
considered. This simplification is sufficient for comparison with
the models in refs. [5-9].

Another major challenge in thermodynamics with internal
state variables lies in formulating ansatzes for the Gibbs energy,
dynamic law, and relaxation time."*2°] The ansatzes chosen in
this work are expected to be independent of the non-equilibrium
process but only hold within material-dependent limitations,
such as a limited temperature and pressure range.

After (Section 2.1) introducing the fundamentals of thermo-
dynamics with internal state variables, the required exactly-
solvable Riccati equation is obtained through the key steps:
(Section 2.2) formulating ansatzes for the Gibbs energy,
dynamic law, and relaxation time, (Section 2.3) identifying
the ODE for an isobaric process at constant temperature rate,
and (Section 2.4) approximating the ODE using the Frenkel-
Kobeko—Reiner equation.
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2.1. Fundamentals of Thermodynamics with Internal State
Variables

First, the coefficient of isobaric thermal expansion, ap, and spe-
cific isobaric heat capacity, cp, are derived from the Gibbs po-
tential. To describe the macroscopic-phenomenological behav-
ior of a glass-forming material in the vitreous state and at glass
transition, at least one internal state variable, &, has to be intro-
duced in addition to the natural state variables, i.e., temperature,
T, and pressure, P.'8%7] & is representative of an additional de-
gree of freedom that a glass-forming material possesses at non-
equilibrium."®! In principle, & could also account for multiple
additional degrees of freedom that are mutually dependent and
thus manifest themselves as a single internal state variable.[*~7]
Considering a homogeneous, isotropic, single-component sys-
tem with constant mass, the specific Gibbs energy, g, is given
by!8)

g =g(T(t), P(t), £(1)) ©)

The specific Gibbs energy depends implicitly on time, t. The tem-
poral derivative of the specific Gibbs energy reads

dg (dg\ dT  (9g\ dP  (9dg\ d¢
(), 5 (5) 5+ (%), % "

The partial derivatives of the specific Gibbs energy in Equation (4)
correspond to the specific entropy, s, the specific volume, v, and
the affinity, =, according tol®!

2
s(T,P,éj)=—<£> (5)
Ps
2
WTP,é) = (£> ©
T¢
J
E(T,P,§)=—<a—§> (7)
TP

The coefficient of isobaric thermal expansion

1 (dv _ 1 ov ov dé
wei(@), (3 (8),(5),)

and the specific isobaric heat capacity

ds ds s d¢
=T(—=) =T( (= — —= 9
o <dT>P <<0T>P'§+<a§>1p<dT>P) ©)
follow from the total derivative of Equations (6) and (5), respec-
tively, for an isobaric process (dP = 0).!18]
Second, the equilibrium condition of the internal state vari-

able is determined from the equilibrium conditions of the
affinity,['71827] j e,

ag\°
c=—(2) =o 10
aé’)rp 10

(d2)° =0 (11)

[1
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The superscript “¢” indicates the equilibrium state of the corre-
sponding mathematical expression. Equation (11) yields the equi-
librium condition of the internal state variablel'7:1827];

& =&(TP) (12)

In the equilibrium state, the internal state variable depends on
the natural state variables.

2.2. Formulation of Ansatzes
2.2.1. Ansatz for the Specific Gibbs Energy

Itis assumed that the system under consideration remains in the
vicinity of the equilibrium state. The specific Gibbs energy thus
follows the well-established truncated Taylor expansion!162048]

1(0°g ’ 2
TP¢) = e+—<—) €-¢9,
8( ) =g+ &),

g’ =g(TP¢)

Because the Taylor expansion is evaluated at the equilibrium
state, the first partial derivative of the specific Gibbs energy with
respect to the internal state variable (Equation (10)) vanishes in
the Taylor expansion.

(13)

2.2.2. Ansatz for the Dynamic Law

Typically, a temporal dependence of the internal state variable, &,
from the affinity, E, is suggested for the dynamic law.[1>-1949-52]
This ansatz results from a truncated Taylor expansion evalu-
ated at the equilibrium state, neglecting second-order and sub-
sequent terms.[**] Ansatzes that take second-order and subse-
quent terms of the Taylor expansion into account can be found
in literature.[!>16]

Another ansatz is the concept of reduced time.[>>3] According
to this concept, it is assumed that a A-time scale exists in which
the internal state variable follows the linear dynamic law

i _=_ (%
a_LH_ L<65>T,P (4

L is a phenomenological coefficient.'’-1%4-52] The partial deriva-
tive of the specific Gibbs energy with respect to the internal state
variable

2\ _(%8\ ,_~
(as)m‘<a§2>w(§ & 1)

follows from the ansatz of the specific Gibbs energy (Equa-
tion (13)). The well-established dynamic law!!>16]

de i (%
et dt \o¢ ).,

53-55

di [ 0%g\° .
__EL(T&>IP(§_§)
N W
=-z€-9) (16)
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is derived from Equation (14) by converting the A-time scale to the
t-time scale and inserting Equation (15). 7 denotes the relaxation
time.[15:16]

2.2.3. Ansatz for the Relaxation Time

To develop an ansatz for the relaxation time, the variable y is
introduced. y corresponds to the reciprocal of the shift-factors of
the relaxation time, i.e.,

t=1/x

x(LP¢)

(17)

X

Since the factor dA/dt in Equation (16) can depend on all natural
and internal state variables of the Gibbs potential, in principle,
also the relaxation time

o (Lr(78) ) Crp 18
((2)) s -

and thus y depend on temperature, T, pressure, P, and the inter-
nal state variable, &.11>16]

In accordance with ref. [11] the reciprocal shift-factor, y, is an
exponential function of  according to

x =exp(n) (19)

Several expressions for the relaxation time and therefore the
function 5 can be found in literature. These expressions were de-
rived from considerations in terms of configurational entropy,*®!
activation processes!®* and free volumel'**’] based on the work
of(1011l: Adam and Gibbs!*®); Tool(*®]; Narayanaswamy!>*; Macedo
and Litovitzl®®!; and Doolittle,[°%¢1] from which also the relax-
ation time according to Williams—Landel-Ferry!®?] or equivalently
Vogel-Fulcher-Tammann!(®*-%] follows. Assuming that the tem-
perature remains within a narrow temperature range, all these
expressions can be reduced to a first-order approximation of the
temperature- and structure-dependent relaxation time proposed
by Kovacs et al. (Equation (17) in ref. [11]). Kovacs et al.') incor-
porated this ansatz for the relaxation time in their macroscopic-
phenomenological model, which has successfully been applied
to describe a variety of structural recovery phenomena in glass-
forming materials referred to as Kovacs signatures.[34266] By
adapting this first-order approximation of the relaxation time to
the formalism of thermodynamics with internal state variables,
we develop the ansatz for the relaxation time from the truncated
Taylor expansion(*®]

ref
on
~ ref _ —_
n(T,P,&) =n +<0T> (T-T,)

Pg
oan o
+ (H))ﬁ:(P— P,)
AN
*(a:%ﬁ &),
nd =n(T, P, &) (20)
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evaluated at the reference temperature, T,, the reference pres-
sure, P, in the vicinity of the equilibrium state. Inserting Equa-
tion (20) into Equation (19) leads to the reciprocal shift-factor

x 2y exp (K (T-T,))
x exp (=K, (P - P,))
xexp (=K (£ - &),
1 =exp (n?) (21)

Ky, Kp and K, are material-dependent constant parameters. As
required, for the relaxation time follows from insertion of Equa-
tion (21) into Equation (17):

= %exp (=K (T=T,))

xexp (Kp(P—P,))
x exp (K. (& — &)
= 1,a70p0 (22)

%, =1,/ y, corresponds to the relaxation time in the reference
state. a;, a, and a, denote the shift-factors*”¢]

ar(T) = exp (=K (T - T,)),
ap(P) = exp (K,(P - P,)), (23)
a:(T P,¢) = exp (K.(¢ - &(T, P)))

Comparison of Equation (22) with the relaxation time of both
the Kovacs—Aklonis-Hutchinson-Ramos!!'!) model and the Tool-
Narayanaswamy-Moynihan>*°%%8] model suggests that the shift-
factor a. represents the structural dependence of the relaxation
time £.[*266] The departure of the internal state variable from its
equilibrium state value, & — &¢, can thus be interpreted as a struc-
tural parameter that accounts for the thermodynamic formation
history of a glass-forming material similar to the departure from
equilibrium § in ref. [11] or the fictive temperature(>*>#¢1 T,

2.3. ODE to Describe an Isobaric Process at Constant
Temperature Rate

The ansatzes presented in the previous Section 2.2 are expected to
be independent of the non-equilibrium process within material-
dependent limitations, such as a limited temperature and pres-
sure range. Therefore, for an isobaric process at pressure P, and
constant temperature rate dT/dt = §,, i.e.,

T =T, + ﬁo(t - to)’
P(t) = P, (24)

the dynamic law (Equation (16)) can be written according tol!>16]

Y __ 1, .
(£) —7-a) 2s)
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From Equation (25), we derive the temperature derivative that is
required to identify the exactly-solvable Riccati equation:

(), --(%).(2),
arz ), ot ).,\dr ),
_( (2nz 1\ (% 26
(), ) (&), o
1 (o
7 (5%),

The detailed derivation of Equation (26) can be found in Ap-
pendix A.

2.4. Approximating the ODE Using the Frenkel-Kobeko—Reiner
Equation

In case of an isobaric process at pressure P, and constant cooling
rate f, < 0, the Frenkel-Kobeko-Reiner equation!*1316.7]

ﬂoi|T=Tg = const (27)

states that the glass transition temperature, T,, can be defined
as the temperature at which the product f,7 is equal to a
material-dependent constant parameter. Inserting Equation (22)
into Equation (27) leads to

BoF.ar(T)ap(P,) exp (K. (& — &) |T:T = const (28)

g

Equation (28) implies that the departure of the internal state
variable from its equilibrium state value, &, — &7, is equal to a
material-dependent constant parameter at glass transition tem-

perature. Therefore, this departure can be collected in the param-
eter 7, according to

%o =7, exp (K. (& - é:;))|T:T

g

= const (29)

Using the ansatz of the shift-factor a; (Equation (23)), Equa-
tion (28) thus reads

ﬂo%|r=rg = ﬁofréaPaT(T)’T:Tg

K (T, - T,))

= -1/K, (30)

= PoT, :0p €XP (_

Hence, we assume: In the vicinity of the glass transition, the re-
ciprocal of §,7,

1
i -K, (31)

and the partial derivative of the logarithm of the relaxation time
with respect to temperature,!'371]

dlnt
~ —K 32
(2 ) g (2

2400052 (5 of 12)
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can be approximated by the parameter —K; and the temperature
derivative of the logarithm of the shift-factor a, i.e., dlna,/dT =
—K;, respectively.

The partial derivative of the internal state variable in the equi-
librium state with respect to temperature is approximated by its
temperature-average in the vicinity of the glass transition, 572!
ie.,

o9& o9&
(57),=((5) ) =% >
because its actual temperature-dependence is unknown. Follow-
ing

dln7t
=K 34
( 2 )T,p : G4

and Equations (31)—(33), we conclude that, in case of an isobaric
process at constant cooling rate in the vicinity of the glass transi-
tion, Equation (26) can be approximated according to

d’e d¢ d¢
(ﬁ) -K, <dT> + (Kr + K,) (dT> - KK, (35)

K, and K, are material-dependent constant parameters.

3. Results
By substituting ¢, = (d¢/dT),, Equation (35) reads

d
(d_i)z) = C2§12>+C1§P+C0 (36)

Equation (36) is an exactly-solvable Riccati equation with constant

parameters C,, C, and C, .1} Equation (36) can be separated and
solved by integration according to

/ dT = / dc =T-K, (37)
Cyl2+ Ci6p + G

K, is an integration constant. Only if both conditions

A=4C,C,—C <0 (38)

1(2G¢6 +C)/VIAll < 1 39)
hold, the exact solution of the Riccati equation

\/C2 - 4G,C,

(= -

26,
\/C? = 4C,C
1 20 C
tanh| ¥——— (T - K,) | - —
xtan 7 (T-K)|- 3¢
KZ
=K + (40)
1+exp (-K(T - K,))
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follows from Equation (37).7>7%! The set of parameters are re-
lated according to

C,=-K. =-K/K, (41)
C, =K+ K, = K (2K, + K,) /K, (42)
Co =—-K,K, = -K K (K, + K,) /K, (43)

Equation (38) leads to K} > 0, which is fulfilled because of K; €
R. Equation (39) limits { , to K; < ¢ < K; + K,. The exact solution
of Equation (35) can thus be written as

ey _ K
<dT>p_K1+ 1+exp (—K(T - K,)) 9

Equation (44) corresponds to the exact solution required for com-
parison with the models in refs. [5-9]. Equation (44) is the main
result of this work.

4, Discussion

The primary objective of this work is to establish a theoretical
framework for models that use the logistic function to approxi-
mate the macroscopic-phenomenological behavior of amorphous
polymers at glass transition. This objective was achieved through
the key steps: (Section 4.1) analyzing the exact solution and its
connection to the logistic function, (Section 4.2) comparing the
exact solution with the models in refs. [5-9], and (Section 4.3) as-
sessing the implications from derivation of the exact solution.
The findings of this work are summarized by formulating gener-
alized models to approximate the glass transition during isobaric
cooling at constant cooling rate (Section 4.4).

4.1. Analysis of the Exact Solution

Equation (44) is normalized according to

(de/dT), - K, !
V= K, T l+exp (—K,(T - K,)) )

y corresponds to the normalized logistic function.>*?] The
steepness of the continuous transition region and the location
of the inflection point are controlled by the parameter K; and K,,
respectively. At temperatures in the vicinity of K,, the tempera-
ture derivative of the internal state variable features a continuous
transition region in the temperature domain. The parameter K,
can thus be interpreted as the transition temperature (Figure 1).

The temperature derivative of the internal state variable (Equa-
tion (44)) can be found in both the temperature derivative of the
specific volume (Equation (8)), i.e.,

dv\ _/ov ov
(d_T>p B (E>Pﬂf * Kl(&)r,p *

Kz(aV/af)T,P
1+exp (-K(T - K,))

(40)
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Figure 1. Normalized exact solution, y, of the Riccati equationl?*] that ap-
proximates the macroscopic-phenomenological behavior of amorphous
polymers at glass transition during isobaric cooling at constant cooling
rate; y corresponds to the normalized logistic functionl242%]: T denotes
the temperature; the transition temperature K, controls the location of
the inflection point; K3 controls the steepness of the continuous transi-
tion region; the approximate values of K3 were taken from data-fits of the
model proposed by Corbisieri et al. to experimental data of the amorphous
polymer polyethersulfone (PES).[°]

and the product of temperature and temperature derivative of the
specific entropy (Equation (9)), i.e.,

ds 0s 0s
T — =T(— KT —
(dT)P (()T)p,;+ ! <a§>tp+

K, T(ds/0&)1p
1+exp (-K(T - K,))

(47)

Therefore, a continuous transition region is expected to be found
in both the coeflicient of isobaric thermal expansion and specific
isobaric heat capacity. Experimental studies on the coefficient of
isobaric thermal expansion and specific isobaric heat capacity at
glass transition during isobaric cooling at constant cooling rate
support this conclusion.['*]

4.2. Comparison of the Exact Solution with Selected Models

According to the ansatz successfully applied by Corbisieri et al.l[’!
to model the PVT behavior of amorphous polymers in the equilib-
rium state, the vitreous state and at glass transition, the param-
eters ©, and A® in Equation (1) are temperature-independent
(cf. Equation (9) in ref. [5]). Equation (1) thus reads

v _ !
(dT>p_91 e (=6,(T - T,)) “8)

The parameters 6,, 6, and 6, are temperature-independent. Com-
parison of Equations (48) and (46) suggests that the model in
ref. [5] assigns pressure-dependent parameters to both the par-
tial derivative of the specific volume with respect to temperature

(5),.=n (49)
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and the partial derivative of the specific volume with respect to
the internal state variable

av
— =b
(%), 6o

Since the partial derivatives in Equations (49) and (50) are con-
tinuous and v = y(T, P, &) holds, Clairaut’s theorem!”®l imposes
the condition:

d (ov 0 (dv
<a_§<ﬁ)Pr§>T,P - <ﬁ<%>r,[’>p,§ (51)

Equations (49) and (50) and thus the ansatz proposed in ref. [5]
fulfill this condition.

For systematic and reproducible determination of the glass
transition temperature from experimental data of the specific vol-
ume, the temperature integral of Equation (48), i.e.,

0
v,,=91T+e—jln(1+exp(93(T—Tg)))+64 (52)

can be fitted to the experimental data.’] The parameter 0, is an
integration constant. Derivation of Equation (46) formally allows
the parameters 0, ..., 0, and T, to be pressure-dependent. Vali-
dation of Equation (52) using the amorphous polymer polyether-
sulfone (PES) at P, = {10, 40, 80, ..., 200} MPa suggests that 6,
and thus K, are constant within a wide range of pressure.l’l Com-
parison of Equations (48) and (46) also suggests that the parame-
ter K, corresponds to the glass transition temperature, i.e., K, =
T,.

gAs pointed out in ref. [5], the specific volume according to
Equation (52) linearly depends on temperature both in the equi-
librium state (T > T,) and vitreous state (T < T,), which
can be interpreted as a first-order approximation of the actual
temperature-dependence. An improved model to approximate
the temperature-dependence of the specific volume in the equi-
librium state and vitreous state follows from an ansatz suc-
cessfully applied by Bittrich et al.l’! to model the temperature-
dependent thickness of thin polymeric films in the equilibrium
state, the vitreous state and at glass transition (cf. fit-function d(T)
in ref. [7]). Following ref. [7], the specific volume reads

9 9
vp=8,T+ T + 8—;L12(—exp (95(T-T,)))
3

9, +9T
+ == In(L+exp (85(T = T,))) + 9 (53)
U3
The parameters 94, ... , 9, are temperature-independent. The Li,-

function corresponds to the dilogarithm function.l””8! The tem-
perature derivative of Equation (53) can thus be written as

9, +9,T
<@> =9, +9,T+ 4 ¥ % (54)
ar /, T+exp (—95(T-T,))

Comparison of Equations (54) and (46) implies that the model in
ref. [7] assigns linear temperature functions to both partial deriva-
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tives of the specific volume:

ov
((3_T>p,¢ = by +b,T (55)
v
i - b,,+b,,T 56
(aé)w 21t by (56)

However, this assignment appears to be inconsistent with the
condition from Clairaut’s theorem!”®! (Equation (51)). This incon-
sistency can be resolved, if one assumes that the partial deriva-
tives of the specific volume are approximately referred to the equi-
librium statel'8;

ov ov\°

(57),.2 (57) . = b+ bt 5)
ov aw\°

<a_§).m) = <%>T’P = b21 +b22T (56)

This equilibrium state approximation addresses the inconsis-
tency and allows for a consistent interpretation of the ansatz pro-
posed in ref. [7]. Details on the equilibrium state approximation
used in Equations (55) and (56) can be found in Appendix B.

In accordance with ref. [7], if both 8, = 0 and 8§ = 0
hold, Equation (54) and consequently Equation (48) are formally
identical to an ad-hoc-formulated model proposed by Dalnoki—
Veress et al. (cf. Equation (1) in refs. [8] and [9]). 9, =0 and §, =
0 result from b,, = 0 and b,, = 0, i.e., a truncated Taylor expan-
sion according to Equations (49) and (50). Furthermore, deriva-
tion of Equation (46) allows the parameters 9, ..., 9 and T, to
be pressure-dependent. Since the studies in refs. [7-9] were con-
ducted at a single pressure, no conclusions about the pressure-
dependence of the parameters 9,,...,8; and T, can be drawn
from this comparison.

Similar to the ansatz proposed in ref. [7], Lacey et al.l®) success-
fully applied Equation (2) to model the specific isobaric heat ca-
pacity in the equilibrium state, the vitreous state and at glass tran-
sition using an ansatz with linear temperature-dependence of the
specific isobaric heat capacity in the equilibrium state and vitre-
ous state (cf. Equation (52) in ref. [6]). Equation (2) thus reads

Hy+ psT
T+exp (—p5(T = T,))

Cp=py +u, T+ (57)

The parameters 4, ..., us are temperature-independent. By com-
paring Equations (57) and (47), it is evident that the model in ref.
[6] assigns the truncated Taylor expansion in the temperature do-
main to the products of temperature and partial derivative of the
specific entropy, neglecting second-order and subsequent terms:

T(()@_s)ﬁﬁ ~ T(ﬁ); =B, +B,T (58)

=B,; +B,,T (59)

Consequently, the ansatz proposed in ref. [6] implies that the par-
tial derivatives of the specific entropy are approximately referred
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to the equilibrium state (Appendix C)."®! No information on the
pressure-dependence of the parameters y;, ..., ys and T, can be
obtained from the model in ref. [6]. Comparison of Equations (57)
and (47) confirms that the parameter K, can be interpreted as the
glass transition temperature, ie., K, = T,.

4.3. Implications from Derivation of the Exact Solution

From comparison of the exact solution with the models in
refs. [5-9] (Section 4.2) follows that the parameter K, corresponds
to the pressure-dependent glass transition temperature, i.e., K, =
T,. Based on Equation (30), we conclude that the rate-dependence
of the glass transition temperature during isobaric cooling at con-
stant cooling rate (8, < 0) can be approximated by

1 B
Ty (Po, Bo) = T, + a8 In <FO) (60)
- 1
Py =— 0 61
B(Py) K a7 < (61)

Equation (60) is identical to an empirical equation reported by
Greiner and Schwarzl(!l as well as Schwarzl and Zahradnikl?! (cf.
Equation (1) in ref. [1] and Equation (13) in ref. [2]). Equation (60)
was successfully applied to approximate the rate-dependence
of the glass transition temperature of several amorphous poly-
mers, such as polycarbonate (PC) and polystyrene (PS), mea-
sured during isobaric cooling at constant rate in the order of
—f, = 0.01 ... 1 Kmin~'. This finding supports the conclusion
that Equations (31) and (32) are suitable approximations to model
the macroscopic-phenomenological behavior of amorphous poly-
mers at glass transition during isobaric cooling at constant cool-
ing rate.

The pressure and cooling-rate dependent terms of the glass
transition temperature in Equation (60) are separated according
to

TPy, fu) = Ty p(Po) + = In [y (62
T

1 -
T,p(Py) = T, + X In (K,7,.a,) (63)
In accordance with refs. [10-13], the material-dependent param-
eter Ky, which controls the cooling-rate dependence of the glass
transition temperature, is determined as follows:

ar, .
_—° = — 64
<d1n|ﬁo|>P K; 9

Values of the parameter range from K; = 0.1 ... 1 K! for most
glass-forming materials.[' The higher the absolute value of the
cooling rate |B,| at pressure P,, the higher the glass transition
temperature T, at the same pressure P,. Because of the Taylor
approximation for the relaxation time in Equation (20), however,
itis expected that both Equations (60) and (62) only apply within a
limited material-dependent range of cooling rates. Consequently,
the value of the parameter K; might not be unique but depends
on the glass transition temperature found under the cooling
rate .
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Figure 2. Normalized exact solution, y, at several cooling rates f; T, cor-
responds to the glass transition temperature found under the cooling rate
f; Ky controls the cooling-rate dependence of the glass transition temper-
ature; the value of K approximately corresponds to the values reported by
Greiner and Schwarzl as well as Schwarzl and Zahradnik for several amor-
phous polymers, such as polycarbonate (PC) and polystyrene (PS).[1:2]

Substituting the pressure and cooling-rate dependent glass
transition temperature T, (Equation (60)) into the parameter K,
of the exact solution (Equation (44)) yields the generalization of
the exact solution

<£> =K+ L j %)
r ), 1+exp (—K; (T - T, - K;'In($,/§)))

In accordance with Equation (45), the normalization of Equa-
tion (65) thus reads

_ 1
= 1+exp (=K (T - T, — K;' In(B,/5)))

(66)

As is implied by Equation (66), the cooling rate g, affects the lo-
cation of the inflection point of w but not the steepness of the
continuous transition region (Figure 2).

4.4. Generalized Models to Approximate the Glass Transition
During Isobaric Cooling at Constant Cooling Rate

The findings of this work are summarized by formulating gener-
alized models that approximate 1) the coefficient of isobaric ther-
mal expansion and 2) the specific isobaric heat capacity at glass
transition during isobaric cooling at pressure P, with constant
cooling rate , < 0:

1) Based on Equation (65) and the equilibrium state approxima-
tion of the partial derivatives of the specific volume, i.e.,

(%)M = (S—;)f (67)

(%), (%), 5
%) = \ot ),

1R
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we propose the generalized ansatz to model the temperature
derivative of the specific volume:

<Q> N A®(T, P,)
dT p_1+€Xp(_K3(T_Tr_Kglln(ﬂo/ﬁN(PO))))

+0,(T, Py (69)

As in Equation (1), ®, corresponds to the temperature
derivative of the specific volume in the vitreous state at
temperatures sufficiently below the pressure and cooling-rate
dependent glass transition temperature, i.e., T < T,. In the
equilibrium state, ie., T > Tg, the temperature derivative
of the specific volume reads (dv/dT); = 0, + A®. A® cor-
responds to the contribution of the internal state variable to
the temperature derivative of the specific volume. In case the
temperature integral of Equation (69) provides a closed-form
expression in terms of mathematical functions, also the
coefficient of isobaric thermal expansion

_1(dv
(i), ?

can be written as a closed-form expression in terms of
mathematical functions.

2) Based on Equation (65) and the equilibrium state approxima-
tion of the partial derivatives of the specific entropy, i.e.,

(%)p,g <0a_;);§ (70)
<3_2)T,PE<3_‘;>T,13 /1)

we propose the generalized ansatz to model the specific iso-
baric heat capacity:

IR

Acp(T; Py)
1+exp (=K, (T =T, — K:'In (By/B(Py))) )

+ Cpg(T Py) (72)

IR

Cp

In accordance with Equation (2), ¢;, denotes the specific iso-
baric heat capacity in the vitreous state at temperatures suf-
ficiently below the pressure and cooling-rate dependent glass
transition temperature, i.e., T < T,. In the equilibrium state,
ie, T > T, the specific isobaric heat capacity reads ¢}, =
¢pg + Acp. Acp corresponds to the contribution of the internal
state variable to the specific isobaric heat capacity. In contrast
to the coefficient of isobaric thermal expansion, a closed-form
expression in terms of mathematical functions is obtained for
the specific isobaric heat capacity without the requirement of
an additional step of integration.

The generalized models (Equations (69) and (72)) serve as tem-
plate for potential adaptation of existing models that use the logis-
tic function to approximate the macroscopic-phenomenological
behavior of amorphous polymers at glass transition. For exam-
ple, incorporating the cooling-rate dependence of the glass tran-
sition temperature from Equation (69) into the model proposed
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in ref. [5] could extend the model’s scope of application without
compromising its theoretical foundation within thermodynam-
ics with internal state variables. Equations (69) and (72) are ex-
pected to hold for a homogeneous, isotropic, single-component
system with constant mass that is subject to an isobaric process at
constant cooling rate in the vicinity of the glass transition within
the limitations of the assumptions:

® a single internal state variable sufficiently captures the non-
equilibrium behavior (Equation (3)),

o the system remains in the vicinity of the equilibrium state
(Equation (13)),

® areduced time scale exists in which the internal state variable
follows a linear dynamic law (Equation (14)),

o the temperature and pressure remain in the vicinity of the
reference temperature, T,, and reference pressure, P,, respec-
tively (Equation (20)),

e the product of cooling rate and relaxation time can be ap-
proximated by the constant parameter of the Frenkel-Kobeko—
Reiner equation (Equation (31)),

o the partial derivative of the logarithm of the relaxation time
with respect to temperature can be approximated by the tem-
perature derivative of the logarithm of the shift-factor a; (Equa-
tion (32)), and

e the partial derivative of the internal state variable in the equi-
librium state with respect to temperature can be approximated
by its temperature-average (Equation (33)).

Consequently, the parameters of a constitutive model derived
from the generalizations (Equations (69) and (72)) might not be
unique but depend on the range of temperatures, pressures and
cooling rates to which the constitutive model is fitted. Depend-
ing on the temperature-dependence of the parameters @,, A®,
¢pg and Acp, the equilibrium state approximation of the partial
derivatives according to Equations (67) and (68) or Equations (70)
and (71) is implied. The temperature- and pressure-dependence
of ©,, A®, ¢;, and Ac;, as well as the pressure-dependence of fis
expected to be material-dependent. Furthermore, the parameters
K; and K; are expected to be constant within a limited material-
dependent range of pressure.

5. Conclusion

An exactly-solvable Riccati equation that approximates the
macroscopic-phenomenological behavior of amorphous poly-
mers at glass transition can be derived within thermodynamics
with internal state variables (Equation (35)). The exact solution
of the Riccati equation contains the logistic function (Equa-
tion (44)). Based on comparison of the exact solution with
models successfully applied in PVT analysis,®! differential scan-
ning calorimetry,® and ellipsometry,”° generalized models
that approximate the coefficient of isobaric thermal expansion
and the specific isobaric heat capacity at glass transition dur-
ing isobaric cooling with constant cooling rate are proposed
(Equations (69) and (72)). These generalized models provide a
theoretical framework for models that use the logistic function
to approximate the macroscopic-phenomenological behavior of
amorphous polymers at glass transition. To establish such a
theoretical framework was the primary objective of this work.
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This work not only demonstrates the validity of the logistic
function in glass transition models of amorphous polymers,
but also provides suggestions as to how existing models can be
extended in their applicability. Based on the generalized models
(Equations (69) and (72)), potential adaptation of existing models
such as in refs. [5-9] can include: 1) addressing the temperature-
dependence of the parameters in the equilibrium state and
vitreous state, 2) exploring the pressure-dependence of the
parameters, and 3) incorporating the pressure and cooling-rate
dependence of the glass transition temperature. To evaluate the
dependence of the parameters on the experimental conditions,
a constitutive model derived from the generalizations (Equa-
tions (69) and (72)) should be fitted to experimental data of the
specific volume and specific entropy, respectively, obtained dur-
ing isobaric cooling in a wide range of temperatures, pressures
or cooling rates.

A continuous transition region similar to the glass transition
during isobaric cooling can also be found in the reciprocal of the
pressure-dependent isothermal compressibility.*>7°8! There-
fore, the methodology developed in this work will be adapted
to isothermal processes at constant compression rate in future
work. This adaptation could clarify whether the methodology
developed in this work also provides a theoretical framework to
assess the glass transition during isothermal compression. A re-
lation between the compression rate and the relaxation time sim-
ilar to the Frenkel-Kobeko—Reiner equation is expected to hold at
the glass transition pressure, P,.[*2l The results from this and fu-
ture work could thus lead to ansatzes with remarkable modeling
capability and a deeper understanding of the glass transition in
amorphous polymers in the temperature- and pressure-domain.

Appendix A: Derivation of the Ordinary Differential
Equation

From the dynamic law

¢y _ 1
(%), ~-sute-

the temperature derivative
ﬂ _ 1 1 (-2 din?
d12 ), " Bot PI\TdT ),

1 dé dée
%((ﬁ); (ﬁ)) (&Y

follows. Insertion of

1 . dé
E(ép -&) = <dT> (A2)

and

dafe _ o&e
(Tr);(ﬁ)p ")

into Equation (AT) leads to
d2e d¢ din? 1 d¢ o&°
(&),~(&),(5),2:((&),-(5),) e
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The total derivative of the logarithm of the relaxation time reads

dlnt dint dlnt
dint = dT + dP + d A5
i < ot >p,5 < oP )tg < o >T,p ¢ il

In case of an isobaric process (dP = 0), for Equation (A5) follows
dinf) _ (dIn% dln# dé
(), (57),. (539),.(5), o
Inserting Equation (A6) into Equation (A4) yields
(), (%), (%).(5).)(&)
dar2 J, oT ) pe 0t )1p\dT ), J\dT /,
(), (5),) @
" Bt oT

From rearranging Equation (A7), the required temperature derivative is
obtained:

(), (%).,.(3),
dar2 J, 08 )rp\dT /p

Appendix B: Equilibrium State Approximation of
the Partial Derivatives of the Specific Volume

The partial derivatives of the specific volume referred to the equilibrium
state

()50

(%), e
(%<—> ):(%);(%)T(i—f)P e
(%),57= (%), wrewm

~(5%),.(5), e

follow from applying Equation (6) to the ansatz of the specific Gibbs energy
(Equation (13)). The mixed partial derivative

CEINR

is always equal to zero. On the other hand, the mixed partial derivative
(#(2),),~ (R).((5)),
T\ e
AT\ 0¢ / 1p , o0& oT \ oP
020\ ¢ e
(2(2) ) () -
oT\0g? ) 7p ) \ 0P/
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is equal to zero and thus equal to Equation (B3), only if the condition

(). (3)), - (33),) %),
962 )7p\OT\ 0P )z )p— \0T\oe? /1p J \ 0P )+

holds. No a priori reason appears to exist within thermodynamics with
internal state variables that requires the condition (B5) to be fulfilled at
all times. The macroscopic behavior of the glass-forming material thus
determines whether the equality

9 [ 0v\° a (ov\°
<%(E)R5>Ip=<ﬁ<6_§>7’y>i]=0 (BG)

or the inequality

9 [ 0v\° a (ov\°
<%<ﬁ>%>tp¢<ﬁ<0_§>m) ®7

applies.

Appendix C: Equilibrium State Approximation of
the Partial Derivatives of the Specific Entropy

The partial derivatives of the specific entropy referred to the equilibrium
state

(%), 0 =(5), mreme)

Js ¢ _ é e
(%)T_P(T, P) _<35>T,p(r P.&4(T P)

_( P8\ (o
(3,05,

follow from applying Equation (5) to the ansatz of the specific Gibbs energy
(Equation (13)). The mixed partial derivative

(4050,

is always equal to zero. On the other hand, the mixed partial derivative
H(5),),-(2).(5)
aT \ 9¢ /s 0&2 P aT2 o
0%g\° 0e°
GG, e
aT\0e? ) 1p ) \ 0T J,
is equal to zero and thus equal to Equation (C3), only if the condition

g\ (e _ (9 (%) 9&°
(rgz%p(aﬂ);‘(ﬁ(@)m),fﬁ)p ©

holds. No a priori reason appears to exist within thermodynamics with
internal state variables that requires the condition (C5) to be fulfilled at
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all times. The macroscopic behavior of the glass-forming material thus
determines whether the equality

9 [ 05 \° a (os\°
(%(ﬁ>%>ﬁp=<ﬁ<0_§>m)P=o (c8)

or the inequality

9 [ 0s\° a (os\°
(%(E)R'ﬁ)tp#(ﬁ(a—é)rp)}, )

applies.
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